Standard quantum process tomography on a d-dimensional input is performed by preparing several states of an input probe that then evolve under the action of the quantum channel corresponding to the progress. The final states of the probe are reconstructed by means of state tomography. An alternative is offered by ancilla-assisted process tomography: a single probe-ancilla state is used, and the correlations existing between probe and ancilla are exploited to fully reconstruct the information on the channel. In order for ancilla-assisted process tomography to be possible, the probe-ancilla input state does not need to be entangled, but still needs to have maximal operator Schmidt rank. Here we establish and analyze a framework for process tomography that interpolates between these two methods, aiming at exploiting any correlations that may exist between probe and ancilla to allow process tomography with as few input preparations as possible, when the probe-ancilla state may be operator-Schmidt-rank deficient. The main object of our investigation is the minimal number of initial local operations on the input probe for a given starting probe-ancilla state that are needed to allow process tomography. We prove that such a number scales inversely proportional to the operator Schmidt rank of the input probe-ancilla state for arbitrary local input processing. We also provide results for the case where this initial local processing is restricted to be a unitary rotation, in particular showing that the mentioned scaling is satisfied for pure input entangled states, and that in the case of mixed states there might be extreme cases where the fixed input probe-ancilla state provides information on a ≈ d 2 /2-dimensional subspace of the operator space and a single additional input unitary rotation allows process tomography.
I. INTRODUCTION
Quantum information science promises the realisation of impressive advances in the field of computation and communication, as well as the advent of other novel quantum technologies [1] . The variety and potential usefulness of such applications have made quantum information one of the most prolific physics research areas of the last decades. One critical element in accomplishing said progress is the ability to completely and accurately characterize quantum physical processes, a task known as quantum process (or channel) tomography (QPT). In the extensive literature upon the subject, one recognises two major, extreme examples of QPT: standard quantum process tomography (SPT) and ancilla-assisted quantum process tomography (AAPT). In the general case of SPT, an unknown quantum channel Λ acting on a d-level system (also called a qudit) can be reconstructed through its action on an ensemble of linearly independent input states [1] [2] [3] . In particular, a probe is prepared in a fixed set of d 2 input states {ρ i }, which form a basis for the space of qudit linear operators. Each of the ρ i states goes through the process Λ to be characterized, and the outputs Λ[ρ i ] are determined using quantum state tomography [1, 4, 5] (see Figure 1 ). Once the outputs are known, the evolution under Λ of any arbitrary operator can be determined uniquely by linearity , thus characterizing the channel. An alternative tomographic technique is offered by the renowned AAPT [6] [7] [8] which, in contrast to SPT, needs only one single bipartite input state. That this is possible can be seen as a consequence of the correspondence between linear maps and linear operators established by the well-known Choi-Jamiołkowski isomorphism [9, 10] . In general, an ancillary system B is prepared in a correlated state ρ AB with the quantum system subject to the channel to be determined, the probe A. Complete information about the channel can be imprinted on the global state by the action of the process on the probe alone, and then extracted by state tomography on the bipartite output state (see Figure 2 ).
An input enabling enabling AAPT is the maximally entangled state |Φ AB =
−1/2 |i ⊗ |i , with the output ρ Λ = (Λ ⊗ id)[|Φ Φ| AB ] simply being the ChoiJamiołkowski state isomorphic to Λ [6, 9, 10] . However, it was observed [7, 8] that the key property for a bipartite input to enable AAPT is that of having maximal Operator Schmidt Rank (OSR; to be defined later), with a refining of this observation being that the channel discrimination power of a bipartite state is dictated by its Schmidt Rank equal to the square of the input dimension of the channel.
smallest operator Schmidt coefficient [11] . It follows that, in principle, also non-entangled but correlated states can be used to perform AAPT. Bipartite states carrying a complete imprinting of a channel acting on one of the two subsystems were defined as faithful in Ref. [8] . Nonetheless, non-faithful states can still be used to obtain substantial albeit partial information on the action of a channel. This observation suggests that the property of being faithful can be associated with a set of bipartite states, the latter being faithful when any unknown channel can be fully retrieved from the tomographic reconstruction of the corresponding output states [8] . Indeed, SPT can be seen as an extreme case of such a situation, where the presence of an ancilla is actually irrelevant, and one just uses a faithful set of probe states. We remark that the correlations present in one or more of the bipartite states of a faithful set can be deemed as effectively assisting process tomography as long as the faithful set comprises less than d 2 states. The results in this paper lie between the two archetypical techniques sketched above, and focus on the exploitation of correlations to reduce the number of distinct inputs needed for what we could call in general correlation-assisted process tomography (CAPT).
More specifically, we focus on the question of whether and how a faithful set can be generated by means of local actions {Γ i } on a fixed input state (see Figure 3 ). In the case where there is no ancilla ( local unitaries to generate a faithful set. On the other hand, the mixed-state case can display a highly "efficient" (in terms of local unitaries employed) generation of a faithful set; specifically, we exhibit a family of qudit-qudit states with OSR ≈ d 2 /2 where only two unitaries are needed to achieve faithfulness; notice that such a case is impossible in the pure-state case. Finally, by exploiting the relation between SO(3) and SU (2) (that is, in a sense, the Bloch ball qubit representation), we fully characterize the qubit-qudit case for qubit channels, once more highlighting the importance of discord in the issue of correlation-assisted channel tomography/discrimination: a two-qubit state gives rise to a faithful set with at most two local unitaries if an only if it exhibits discord on the probe side.
II. NOTATION AND PRELIMINARIES
We will focus on finite-dimensional systems. Any Hilbert space H will be equivalent to C d , for some dimension d. We will indicate by L (H ), the set of linear operators L (equivalent to matrices) on H . The dimension of a system X with Hilbert space H X will be indicated by d X . A quantum state on H is a density operator ρ belonging to the convex subset D(H ) ⊂ L (H ) of positive semidefinite operators with unit trace. The trace operation is indicated by Tr, while we denote by Tr X the partial trace on system X. We write ρ X for the (reduced) state of system X.
A bipartite state ρ AB is unentangled (or separable) if it is the convex combination of product (or uncorrelated) states [12] , that is, if
, with {p i } a probability distribution. A state is considered to be entangled if and only if it is not separable.
Any physical evolution (or quantum process) affecting a quantum system is described in terms of quantum channels [1] . A quantum channel from X to Y is a completelypositive trace-preserving linear map Λ from
We will also make use of some specific norms on operators, in particular we will use (some of) the p-norms
where the sum is over the singular values
For simplicity, we will typically consider bipartite states ρ AB with the two subsystems of the same dimension, and we define d := d A = d B , keeping in mind that the results and terminology (e.g., "maximal OSR") presented in this paper are generally valid as long as
III. OPERATOR SCHMIDT DECOMPOSITION
The state vector |ψ AB ∈ H A ⊗ H B of a bipartite system admits a Schmidt decomposition [1] 
{p i } positive numbers that sum up to 1, thus constituting a probability distribution. We will take {p i } to be ordered without loss of generality, that is, we will assume p 1 ≥ p 2 ≥ . . .. The sets of orthonormal vectors {|a i } and {|b i } are some special and |ψ -dependent orthonormal bases for H A and H B , respectively. We denote by SR(ψ) the Schmidt rank of |ψ AB ; it is the number of non-zero p i 's, and satisfies SR(ψ) ≤ d min .
By considering a bipartite state ρ AB as a vector in L (H A ⊗ H B ), we arrive at the Operator Schmidt Decomposition (see [13, 14] and references therein)
We denote by OSR(ρ) the Operator Schmidt Rank (OSR) of ρ; this is the number of non-zero Operator Schmidt Coefficients (OSCs) r i , which are taken to be positive.
The sets of operators
form (ρ-dependent) orthonormal bases for the spaces L (H A ) and L (H B ), respectively. We remark that, since ρ AB is Hermitian, the two orthonormal operator bases in (1) can be (but need not be) taken to be composed of Hermitian operators. The OSCs are the singular values of the
Such a matrix is sometimes referred to as correlation matrix. The operators {F i } and {G j } are arbitrary local orthonormal bases for the respective operator spaces. As in the case of the Schmidt decomposition for vector states, without loss of generality we can take the OSCs to be ordered as r 1 ≥ r 2 ≥ . . .; Such coefficients satisfy
. One immediately convinces oneself that
). The SD of a vector state |ψ AB and the OSD of the corresponding density matrix |ψ ψ| AB are very much related: one has
IV. OPERATOR SCHMIDT DECOMPOSITION AND ANCILLA-ASSISTED PROCESS TOMOGRAPHY
As anticipated, AAPT requires the preparation of a bipartite system in a single bipartite state ρ AB . One subsystem (the probe) is sent through the channel Λ to be characterized. Using Eq. (1), the output
Then, by reconstructing ρ Λ , one recovers the action of the channel on the basis element
. It follows that inputs with maximal OSR enable complete characterization of the channel, since its action on a complete operator basis of L (H A ) can be reconstructed [7, 8] . It is clear that input states defined as faithful are states with maximal OSR, more precisely with OSR equal to d 
V. GENERATING A FAITHFUL SET OF INPUTS WITH GENERAL LOCAL CHANNELS
The core idea of this work is to show that the correlations of a fixed bipartite state, of whatever degree, can in principle be exploited to allow "more efficient" process tomography. Such correlations can be measured through the OSR, which obeys very general requirements that any meaningful measure of total correlations must satisfy. Indeed, the OSR is minimal for and only for non correlated (product) states, and it is monotone under local channels. Not relying on correlations, like in SPT, is the same as considering minimal OSR-that is, OSR equal to 1-for the inputs. On the other hand, fully relying on correlations, like in AAPT, means requiring maximal OSR for a single bipartite input. In this section we analyze how we can achieve the condition span({A l,i }) = L (H A ) indicated at the end of the last section, where each set {A l,i } l is a local orthonormal basis for (Γ i ⊗ id)[ρ AB ], for Γ i the local operations applied on the probe before it is subject to the channel Λ (see Figure 3) .
Let us first remark why channel tomography is certainly possible in this setup. The reason is simple: each channel Γ i may simply be taken to have constant output corresponding to one of the input states ρ i A used in standard channel tomography (Figure 1 ). With this "trivial" strategy, we do not make use of correlations at all, but we certainly achieve the task at hand. Having estalished this, let us move to the issue of "optimizing" the Γ i 's, at least with respect to their number.
Let
l=1 be a Hermitian local orthonormal basis for the operator Schmidt decomposition for ρ AB , comprising the OSR(ρ AB ) elements corresponding to non-zero OSCs.
, find a (minimal) way of choosing the local maps Γ i so that span(
. By minimal, we mean that we want to identify the smallest possible number of local channels Γ i that are needed to achieve such a condition. In the following we provide a construction to achieve this.
Let us consider the following family of maps,
which are each a convex combination (for 0 ≤ ≤ 1) of the totally depolarizing channel X → Tr(X) 1 d and of
Notice thatΓ i is not necessarily a channel, but it is a linear map that is trace preserving by construction. Here we denote γ j,i := j ⊕ (i · OSR(ρ AB )), and the A i 's form a local orthonormal basis that is a superset of the local operators of the OSD of ρ AB , as in Eq. (1). The symbol ⊕ indicates addition modulo d 2 , and we let i = 1, 2, 3 . . .. By construction, the maps Γ i [X] are trace preserving, and, for 0 < < 1 small enough, completely positive. This is because, within the set of linear trace-preserving maps, there is a ball of completely positive maps around the totally depolarizing channel. Notice that, in principle, we could consider any other channel with full-rank fixed output, at the "cost" of considering some other . Such full-rank fixed output (as well as ) could even be made to depend on i.
It is easy to recognize the action of Γ i on the generic basis element A n :
i.e. the i−th map, acting upon the n-th element of the local basis, returns a liner combination of the basis element indexed as n ⊕ (i · OSR(ρ AB )) and of the identity. To make the action of the channels clearer, let us consider the action of, e.g., Γ 1 . The latter would map the set {A n }
. Thus, it should be clear thatup to the detail of whether we need to choose a fixed state different from the maximally mixed one in (3) and (4) in order to certainly obtain a set whose elements are all linearly independent from the other generated setsgiven an incomplete set of basis elements {A n } OSR(ρ AB ) n=1 , we are able to obtain operators spanning the same space as the remaining d 
Without loss of generality, one of the channels can be taken to be the identity channel.
VI. GENERATING A FAITHFUL SET OF INPUTS WITH UNITARY LOCAL CHANNELS
In this section we consider constraining the local channels Γ i that act on the probe in Fig. 3 to be unitary. The question we address is that of determining how many unitary rotations U i are needed in order to obtain a faithful set of input states {U i ⊗ 1 1ρ AB U † i ⊗ 1 1} i . As discussed in the case of general local operations, this corresponds to finding out how many unitary rotations are needed so that {U i A l U † i } i,l spans the entire space L (H A ), where {A l } l is a set of orthonormal local OSD operators corresponding to non-zero operator Schmidt coefficients.
We remark that in the case where we impose the constraint that the channels be unitary, the fact that process tomography is possible at all is not immediate. Indeed, it is not anymore the case that this is possible for all input states ρ AB . Nonetheless, we prove that it is possible for all states that are not of the form 1 
notice that the latter states are not only uncorrelated, but such that the state of the probe A is maximally mixed. Notice also that our result means that any form of correlations is enough to make process tomography by local unitaries possible.
Let us first establish this result.
A. Process tomography via local unitary rotation of almost any input
It is convenient to recall the definition of frame [15] . Such a concept is generally defined for families of vectors in inner product spaces. In our framework we exploit the inner product structure of L (H ) and define a frame as a collection {P k } of operators such that there are real numbers 0 < a
for any X ∈ L (H ). A frame generalizes the notion of basis. Notice in particular that, if the frame is actually an orthonormal basis, that is, if Tr(P † k P l ) = δ kl , then the frame condition (6) is satisfied with a = b = 1. In finite dimensions, a finite collection {P k } is a frame for L (H ) if and only if it is a spanning set for L (H ), while an infinite collection {P k }, even when a spanning set, may not constitute a frame, as there might not be a finite b that satisfies (6) . The lower bound in (6), for a > 0, ensures that X can be reconstructed from the values Tr(P k X). It should be clear that, given a frame, one can always consider a subset of the elements of the frame, so that such subset forms a basis, that is, a spanning set of linearly independent operators.
What we will prove is that it is possible to choose d
(with U 1 = 1 1 without loss of generality) so that {U i ρU † i } i is a frame and a basis for the space of operators of the input ancilla, initially prepared in the state ρ, as long as ρ ∝ 1 1. To prove this, we will need the notion of twirling, or twirl operation [16] . The latter is the linear projection T on bipartite operators
where the integral is taken with respect to the Haar measure of the unitary group on C d . Since any operator commuting with all unitaries of the form U ⊗ U can be written as a linear combination of 1 and V (where V is the flip operator, defined implicitly by the its action V |ψ ⊗ |ϕ = |ϕ ⊗ |ψ , for all |ψ , |ϕ ∈ C d ), it follows that [16] 
The coefficients α(X) and β(X) are fixed by the conditions
solved by
We will use the fact that the twirling can be approximated by a unitary 2-design, that is by a finite set of n unitaries
We will obtain our frame by taking d 2 of such unitaries.
be a unitary 2-design (without loss of generality, one of the unitaries can be taken to be the identity). Let us check the frame conditions (6) of
where α(A ⊗ A † ) and β(A ⊗ A † ) are given by Eqs. (10) applied to the case Y = A ⊗ A † , so that
Working in finite dimensions, we see that the frame condition (6) is achieved as long as
and
Let us assume that A is a state, specifically the reduced state ρ A of the probe. Then, the first inequality is automatically satisfied. Moreover, the Cauchy-Schwarz inequality implies that
, with equality if and only if A ∝ 1 1. Having assumed that that A is the state ρ A , this is the condition that ρ A is not maximally mixed.
Thus, we have found that, independently of the presence of an ancilla, as long as the reduced state ρ A of the probe is not maximally mixed, we can find d 2 unitaries, one of which is the identity, such that
is a tomographically faithful set.
We can extend this result to the case where there are non-vanishing correlations. The operator A for which we want that
be a tomographically complete set can be taken to be any linear combination of the hermitian operator Schmidt operators {A l } l corresponding to non-zero operator Schmidt coefficients (one example being the reduced state ρ A ). Suppose ρ AB is not product. Then there are at least two terms in its OSD, and at least one between one of the A i s and the reduced state ρ A is not proportional to the identity; we can then consider as A in the above construction of the frame some linear combination of the latter two operators that respects conditions (18)- (19 
is faithful.
B. Pure probe-ancilla state
For pure states we are able to find the optimal number of local unitaries needed to construct a faithful set starting from a fixed pure state of Schmidt rank k: 
Proof. Let |ψ 0 = |ψ . State tomography of the output (Λ ⊗ id) |ψ 0 ψ 0 | determines the channel Λ partially, i.e., its action on {|i j|} only for i, j = 1, . . . , k. To obtain the image under Λ of the remaining |i j| elements, it is convenient to consider the case when k divides d.
We will start by analyzing how it is possible to reconstruct the action of Λ on all of {|i j|}, for i, j = 1, . . . , 2k. Let us define the set of operators
for i, j = 1, . . . , k, and where sums within kets should be in general understood modulus d. Also, let us introduce unitary operators whose action restricted to the vectors |n , for n = 1, . . . , k, is given by
If k does not divide exactly d, then one needs to consider an additional set of unitaries, but obviously the cost (in terms of unitaries) cannot be larger than in the case where we imagine the A system embedded in a ddimensional system,
In the light of the last theorem we see that the higher the correlations (in terms of OSR) of the fixed pure state, the less U i are required. As expected, when the fixed pure state has maximal OSR, one recovers completely the AAPT scenario. For pure state with OSR = 1, the number of experimental settings to perform channel tomography is again the one of SPT. As a final remark we observe, by looking at the proof of Theorem 3, that one can derive the specific form of a particular set of U i , besides establishing their existence.
Contrary to the pure state case, for the case where the fixed state is mixed we have not derived a formula which directly links the OSR of the input to the number of unitaries needed to reach faithfulness. However, in the following we give specific examples that show that also when the fixed state is mixed, the presence of correlations dramatically reduces the number of local unitaries required to perform channel tomography.
C. Mixed probe-ancilla state: qubit-qudit inputs
The first example involves a qubit-qudit system, for qubit channel tomography. We show that reducing the cardinality of the faithful set created by local unitaries on the qubit depends strongly on the quantumness of correlations on the qubit side. Before going into the details it is convenient to recall that a bipartite state is called classical on A if it can be expressed as
, for some orthonormal basis {|a i }.
States that are not classical on A are said to have nonzero quantum discord [17] [18] [19] . Also, we will make use of the following Lemma, in which we use the notion of Bloch vector for a generic Hermitian operator L = L † , given by l = (l 1 , l 2 , l 3 ), with l i = Tr(σ i L) and σ i , i = 1, 2, 3, the Pauli operators. 
where we used the Levi-Civita symbol ijk , and × indicates the standard cross product between threedimensional vectors. Since σ 1 , σ 2 , σ 3 are linearly independent, the expression in the last line above is zero if and only if the cross product a × b vanishes, which happens if and only if a = λ b, with λ ∈ R.
We are now in the position to state the following. 
, with {|a 1 , |a 2 } some orthonormal basis for A. While this is not necessarily the operator Schmidt decomposition, it is clear that the state only allows to reconstruct the action of a channel Λ on span({|a 1 a 1 | , |a 2 a 2 |}) = span({1 1, |a 1 a 1 |}). Overall, a single additional unitary rotation U allows us to reconstruct only the action of the same map on
, which is not enough to tomographically reconstruct the channel. A geometric way of thinking about this is that the resulting four Bloch vectors are necessarily coplanar, and do not span affinely R 3 (see Fig. 4a ).
On the other hand, assume that ρ AB has non-zero discord on A. This implies that there are some correlations, that is, that OSR(ρ AB ) ≥ 2. Without loss of generality, we can assume that the OSD of ρ must nontrivially contain A 1 and A 2 that do not commute, since, if all the non-trivial A i 's that appear in the OSD of ρ AB commuted pairwise, they would all commute, and there would not be any discord. From Lemma 1, the Bloch vectors of A 1 and A 2 are not collinear. This means that there is a rotation R of such vectors such that the resulting four vectors identify affinely independent points which span R 3 (see Fig.4b ). Via the homomorphism between SO (2) and SU (3), the rotation R corresponds to A 2 that enter the OSD decomposition of ρ AB not trivially, and that do not commute; there is a unitary such that red dots and blue dots are not coplanar, and hence span the entire three-dimensional space: channel tomography is possible. In this example we present a family of mixed states of two qudits which generate faithful sets with even only two local unitaries, one being the identity. In order to construct the example we will make use of the Weyl (or 
while F 4 = 1 1 so that obviously 
. Furthermore, it is also clear that there is a choice of pairs of representatives (the two representatives may be chosen to coincide, in the case of 1-element and 2-element orbits) per orbit, forming a set P (2) = {W
Let us be more concrete, providing a specific choice for the set P (1) . We consider two cases, according to the parity of d. First, let d = 2m + 1 be odd. It is easy to verify that (up to irrelevant phases) we can pick If d = 2m is instead even, then we can choose (again, up to irrelevant phases) 
